A GI/G/1 queueing system with finite capacity il studied. The first overflow time, which means the time when the number of customers first exceeds the capacity, is analyzed by diffusion approximation. Approximate expressions for the distribution and moments of the first overflow time are derived explicitly. These results are modified so as to be more accurate for an M/G/I system or a system with small capacity. Further these results are applied to the analysis of the maximum number of customers up to time t in a GI/G/I system with infinite capacity. Finally, the accuracy of the diffusion approximations is examined numerieally by using the analytical results for a GI/M/I system.
Introduction
Consider a GI/G/l queueing system with finite capacity for which it is assumed that the maximum number of customers allowed in the system is equal to N -1; that is, the total number of waiting places is N - 2 A and H by (t, O~) and (*, 0;), respectively. Such a system has been studied as a model for many practical service facilities. In the design of a computer system, for example, one of the important problems is how much capacity is required for a buffer memory. This is because, if its capacity is too little, then overflows of customers (jobs) occur frequently in heavy traffic and the performance of the system deteriorates rapidly. On the other hand, if its capacity is too great, then 41 
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T Kimura. K. Ohno and H. Mine most buffer memories remain unused. Thus detailed information on the jobs behaviour should be obtained.
For an M/C/l and a CI/M/l systems with finite capacity, stationary queue length distributions have been studied by Keilson [10] . The M/C/l system has also been studied by Cohen [2, 3] . An Ek/C/l system with finite capacity has been analyzed by using the phase technique by Truslove [18, 19] and its asymptotic behaviour has been studied by Hokstad [9] . An M/M/l system with finite capacity has been discussed adequately by Finch [6] .
In this paper, the overflows of customers in the CI/C/l queueing system with finite capacity are dealt with under the heavy traffic condition. Overflows occurring as customers arrive to find waiting places fully occupied, are characteristic events of queueing system with finite capacity. Let Q(t) denote the number of customers in the system at time t. The sample path of the process Q(t) are defined as continuous from the left. Then, the first overflow time, defined by Note that the first overflow time is invariant with work-conserving service disciplines [11, 16] . Let FiN(t) and fiNes) (Re s ~ 0) denote the d.f. of T(i,N) and its Laplace'-Stieltjes transform (L.S.T.), respectively. That is, ( 
T(i,N) = inf{t ~ OIQ(t) = N, Q(O)
=
1.2)
Res~O.
Saaty [14] has referred to the first overflow time in the analysis of a birth and death process. His result, which corresponds to the first overflow time 
Preliminaries for Diffusion Approximation
The basic arguement used in diffusion approximation is as follows:
Let {x(t) ; t ~ o} denote a homogeneous diffusion process and p(x,tlx o ) its probability density function (p.d.f.), i.e., 
n=O n n.
Substituting (3.10) in (3.3) and equating coefficients of powers of s, we obtain for n = 1,2, ... ,
Similarly we can deduce the boundary conditions for (3.11) from (3.4) and For n = 1,Z, solving 0.11) with (3.lZ) and (3.13), we obtain the mean and the variance of T d (x O ,N) as follows:
(3.14 )
and for the second moment of Td(XO,N) ,
The derivation of the above results is shown in Appendix. From (3.14) and (3.15), the variance of Td(xO,N) is given by
Rema rk 3.1. Sweet In the preceding section ~le have considered the reflecting barrier as the boundary condition at the origin. However. if p < 1, then discontinuity of the path Q(t) at the origin quite effects the solution, and hence (3.14)
seems to be slightly underestimated from the true value. That is, if the process Q(t) reaches to the boundary x ,= 0, the process remains at x = 0 for a residual interarrival time. Hhen a new customer arrives at the system, the process jumps to x = 1 and thereafte:~ the process starts from scratch.
Under the assumption that the arrival process is the recurrent process, it may be difficult to obtain the distribution of the sojourn time at x = o.
However, if the arrival process is a Poisson process, then it is known that the sojourn time is exponentially distributed with parameter A. Feller [5] has called this process an elementary retUJ~n process. 
r'lodified reflecting barrier process
Since it may be difficult in general 1:0 obtain the distribution of the sojourn time at the origin, it is assumed that the sojourn times have the same distribution as the stationary residual li::e [13] of the interarrival time.
Under this assumption the mean sojourn time is given by 0.,20 2 + 1)/2),. Let a us consider a modification of changing the location of the reflecting barrier at x = 0 in accordance with this time. Tt should be noted that this modification is equivalent to changing the locatLon of the absorbing barrier at x = N, since the diffusion process is spartially homogeneous. Place the reflecting barrier at x = -1::., or equivalently, place the absorbing barrier at x = N + 1::., where
Further, it follows from (1.5) that for p = 1, the value of E[Td(xO,N)]
for the M/M/l system agrees with the exact one. It will be shown in Section 6 that the modified solutions are fairly accurate.
Elementary return process
Using the elementary return process, we shall precisely describe the boundary condition at x = 0 for the M/C/l system. That is, for equation (3.3), we replace the boundary condition (3.4) by
(see [4, p.232] ). Solving (3.3) with the boundary conditions (4.5) and (3.5),
we obtain
By the method described in Section 3, the mean of Td(xO,N) can be derived as follows: for n = 1,2, ... , the substitution of (3.10) into (4.5) leads to It seems that this expression suggests an average behaviour of the elementary return process. Solving (3.11) for n = 1 with the boundary conditions (4.8) and (3.13), we obtain (4.9)
The derivation of this equation is shown in Appendix. N) . Then from the above arguement, we obtain (4.10)
Note that for b > 0, Tf(XO,N) corresponds to the first term of (3.14), (4.3) and (4.9).
Remark 4.3. From (3.14), (4.3) and (4.9), for b > 0, we have 
These relations imply that the solution by diffusion approximation converges to that by fluid approx:i.mation as A"" + 00.
Application of the First Overflow Time
As an application of the first overflow time, we shall investigate a transient behaviour of the maximum number of customers in a system with infinite capacity. Suppose that the arrival and the service processes of this system are identical with the model discussed so far. The maximum number of customers up to time t is defined as Hence,
we obtain (5.4) Moreover, the mean maximum number of customers is given by 
Combining Therefore it can be observed that if thE! number of customers is equal to zero at t = 0 and the traffic intensity p = 1, the mean maximum number of customers up to time t is proportiona:_ to the square root of t.
Comparisons with the Analytical Results
Analytical results for a GI/M/l system
It is quite difficult to analyze the first overflow time for the GI/G/l queueing system. However, for the case that the service time distribution is negative exponential, that is, for the GI/M/l system, the first overflow Since the service times are negative exponentially distributed, it follows 
for i 'f 0, 
Diffusion Approximation {or GI/G/l Queues: I
Taking the L.S.T. of both sides of (6.6) yields 
ft ~j.N_1(t) =
qj.N_1(u)dA(u).
o and for n ~ 2.
(6.11)
Combining (6.5). (6.10) and (6.11) leads to (6.12)
Taking the L.S.T. of (6.12) yields
k=O J • where (6.14)
Cl.jk(s) = ~ e-stqjk(t)dA(t).
o Consequently. the above results can be suroonarized as follows:
Propos iti on 1. 
E[T(i,N)]
and Tables 1 and 2 , where the relative error means (approximate value) -(exact value) (exact value) x 100 (%). Tables 3 and 4 show the variance of the first overflow time given by (3. 16) and (4.4) , and its relative errors for the M/M/l system. Tables 5 and 6 show the mean and the variance of the first overflow time and their relative errors for the E2/M/l system and for the ES/M/l system, respectively.
From these tables, it is concluded about the accuracy of the diffusion approximation with respect to the moments that: In order to examine the accuracy of the diffusion approximation for the other value of p, the mean and the variance of the first overflow time are shown for the E2/M/l system with i = 0 in Figure 1 . It follows from Figure 1 that the approximate solutions behave similarly to the exact ones even in the light traffic. T.s, that is, Gaver's method [7] and the method of Bellman, Kalaba and Loc1~ett [1] . The reason for using different methods is due to a mutual check on the agreement of the results, since the performance of a method is highly dependent on the nature of the original fUIlction [1] . It follows from the numerical tests that Gaver's method is mort! accurate than the method of It is of interest to extend the model to many server queueing system. It seems that the extensio:~ is not so difficult theoretically, since for many server system, it is only necessary to vary the diffusion parameters a and b appropriately [15] . It becomes, however, difficult to solve explicitly the corresponding differential equations because of spatial nonhomogeneity.
i E[T(i,N)] E[T (i,N)]
re1ati~e d error(%) E[T (i N)] relative d ' error(%) E[T (i N)] relative d ' error(%)1 N = 5, ~ = 1.0 ). ~~~----- i E[T(i ,N)] E[T (i N)] relative d ' error(%) E[T (i N)] relative d ' error(%) E[T (i N)] relative d ' error(%)-------------- -_._-_._------ p i V[T(i ,N)] V[Td(i,N)] relative V[Tii,
Diffusion Approximation for GI/G/l Queues: 1 (A.4)
Substituting (A.4) Applying the boundary condition (3.12) to (A.ll), we have (A.12)
Substitution of (A.12) in (A.ll) and the boundary condition 
